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Abstract
We study the z = 3 Horava-Lifshitz QED with a CPT-breaking term, characterized by the axial vector bµ,
and perform the one-loop calculations. Explicitly, we demonstrate that just as in the usual Lorentz-breaking
QED, in our case, the Carroll-Field-Jackiw term is finite but ambiguous.
PACS numbers: 11.15.-q, 11.30.Cp
∗Electronic address: tmariz,rmartinez@fis.ufal.br
†Electronic address: jroberto,petrov@fisica.ufpb.br
1
The theories with space-time anisotropy, also called the Horava-Lifshitz (HL) theories, are
intensively studied now. Being introduced many years ago within the context of phase transitions
[1], they acquired great attention after publishing of the seminal paper [2], where the space-time
anisotropy has been implemented within the gravity context in order to construct power-counting
renormalizable ghost-free gravity model. Moreover, HL modifications not only of gravity but also
of other theories began to be studied, especially, various version of scalar and spinor QED, with
various values of the critical exponent z, mostly z = 2 and z = 3. Among the most important
results, one should emphasize the explicit calculation of the one-loop effective potential [3] and the
one-loop counterterms [4].
One of the reasons for the interest in HL-like theories is based on the idea of emergent dynamics.
Following this concept, the known field theory models are generated as quantum corrections in some
fundamental theory involving only spinors. Within the HL context, this methodology has been
applied to the Gross-Neveu model, where the effective dynamics of a (pseudo)scalar field arises [5].
Moreover, within this methodology, dynamics not only for a scalar but also for a vector field has
been generated [6].
Clearly, more studies can be performed within the HL context. In particular, it is interesting
to study HL-like theories where the CPT symmetry is broken, which can be done through the
coupling of fermions to a constant axial vector, similar to the scheme used in a Lorentz-breaking
QED to generate the Carroll-Field-Jackiw (CFJ) term. For the first time, this generation has been
performed in [7] (for a general review on obtaining this term, see [8] and references therein), so, as
a result of integration over fermions, in the first order of expansion of the effective action in this
constant axial vector, the CFJ term arises being finite and ambiguous. In this paper, we use this
approach to study the possibility of arising the one-loop CFJ term in the z = 3 HL QED (we note
that in z = 2 HL QED the CFJ term does not arise [9]), that is, our aim consists in the study of the
low-energy effective dynamics in this theory. The importance of our study is confirmed by the fact
that, up to now, the breaking of the CPT symmetry, usually implemented with the introduction
of some constant axial vector and/or γ5 matrix, never has been performed in HL-like theories.
We start with introducing the CPT-violating Horava-Lifshitz fermionic term
Lψ = ψ¯(i /D0 + (i /Di)
3 −m3 − /b0γ5 + (/b /D /D)iγ5)ψ, (1)
where /D0 = D0γ
0, /Di = Diγ
i, /b0 = b0γ
0, and (/b /D /D)i = (bDD)ijkγ
iγjγk, with D0,i = ∂0,i + ieA0,i
and, using the methodology applied in [10], we define
(bDD)ijk = λ1biDjDk + λ2bjDiDk + λ3bkDiDj . (2)
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We note that, since this Lagrangian involves only gauge covariant derivatives D0,i, the quantum
corrections will be gauge invariant. In this Lagrangian, we have chosen the additive term linear in
b0,i in order to break the CPT symmetry within z = 3 theory. It is more convenient to rewrite (1)
as
Lψ = ψ¯(i/∂0 + (i/∂i)
3 −m3 − /b0γ5 + (/b/∂ /∂)iγ5 − e /A0 + e(/∂ /∂ /A)i + ie(/b /∂ /A)iγ5
+ie2(/∂ /A /A)i − e
2(/b /A /A)iγ5 − e
3 /A
3
i )ψ, (3)
with
(b∂∂)ijk = λ1bi∂j∂k + λ2bj∂i∂k + λ3bk∂i∂j , (4)
(∂∂A)ijk = (∂i∂jAk) + (∂jAk)∂i + (∂iAk)∂j +Ak∂i∂j + (∂iAj)∂k +Aj∂i∂k +Ai∂j∂k, (5)
(b∂A)ijk = λ1bi(∂jAk) + λ1biAk∂j + λ1biAj∂k + λ2bj(∂iAk) + λ2bjAk∂i + λ2bjAi∂k
+λ3bk(∂iAj) + λ3bkAj∂i + λ3bkAi∂j , (6)
(∂AA)ijk = (∂iAj)Ak +Aj(∂iAk) +AjAk∂i +Ai(∂jAk) +AiAk∂j +AiAj∂k, (7)
and
(bAA)ijk = λ1biAjAk + λ2bjAiAk + λ3bkAiAj . (8)
Then, the corresponding fermionic generating functional is
Z =
∫
Dψ¯Dψei
∫
d4xLψ = eiSeff , (9)
so that, by integrating out the spinor fields, we obtain the one-loop effective action of the gauge
field
Seff = −iTr ln(/p0 + /pip
2
j −m
3 − /b0γ5 − biΛ
i(p)γ5 − e /A0 − e∆i(k, p)A
i + ebiΛ
ij(k, p)Ajγ5
+e2∇ij(k, p)A
iAj − e2biΛ
ijkAjAkγ5 − e
3 /AiA
2
j), (10)
where
Λi(p) = λ1γ
i
/pj/pk + λ2/pjγ
i
/pk + λ3/pj/pkγ
i, (11)
∆i(k, p) = /kj/kkγ
i + /pj/kkγ
i + /kj/pkγ
i + /pj/pkγ
i + /kjγ
i
/pk + /pjγ
i
/pk + γ
i
/pj/pk, (12)
3
Λij(k, p) = λ1γ
i/kkγ
j + λ1γ
i
/pkγ
j + λ1γ
iγj/pk + λ2/kkγ
iγj + λ2/pkγ
iγj + λ2γ
jγi/pk
+λ3/kkγ
jγi + λ3/pkγ
jγi + λ3γ
j
/pkγ
i, (13)
∇ij(k, p) = /kkγ
iγj + /kkγ
jγi + /pkγ
iγj + γj/kkγ
i + γi/pkγ
j + γiγj/pk, (14)
and
Λijk = λ1γ
iγjγk + λ2γ
jγiγk + λ3γ
jγkγi, (15)
with kjA
i = i∂jA
i. Here, Tr stands for the trace over the Dirac matrices, together with the trace
over the integration in momentum and coordinate spaces.
In order to single out the quadratic terms in Aµ of the effective action, we initially rewrite the
expression (10) as
Seff = S
(0)
eff +
∞∑
n=1
S
(n)
eff , (16)
where S
(0)
eff = −iTr lnG
−1(p) and
S
(n)
eff =
i
n
Tr[G(p)(e /A0 + e∆i(k, p)A
i − ebiΛ
ij(k, p)Ajγ5
−e2∇ij(k, p)A
iAj + e2biΛ
ijkAjAkγ5 + e
3 /AiA
2
j )]
n, (17)
with G(p) = (/p0 + /pip
2
j −m
3 − /b0γ5 − biΛ
i(p)γ5)
−1.
Straightforward inspection shows that the graphs with one quartic or one quintic vertex simply
cannot yield a desired CFJ-like structure. Hence the CFJ term is generated only by Feynman
diagrams involving two triple vertices. So, let us calculate contributions from such diagrams. It
should be noted that they superficially diverge, however, due to the gauge symmetry, divergent
parts of these contributions actually vanish. In principle, this situation is analogous to that one in
the usual Lorentz-breaking QED where the CFJ term, being also formally superficially divergent,
is really finite and ambiguous, see f.e. [8].
After evaluating the trace over the coordinate space, by using the commutation relation
Aµ(x)G(p) = G(p − k)Aµ(x) and the completeness relation of the momentum space, for the
quadratic action A0,i, we have
S
(1)
eff
∣∣
A2
= i
∫
d4x (Πij1 +Π
ij
2 )AiAj , (18)
with
Πij1 = −e
2
∫
d4p
(2π)4
trG(p)(∇ij(k, p)− bmΛ
mijγ5), (19)
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and
S
(2)
eff
∣∣
A2
=
i
2
∫
d4x (Π002 A0A0 +Π
0j
3 A0Aj +Π
i0
4 AiA0 +Π
ij
5 AiAj), (20)
with
Π002 = e
2
∫
d4p
(2π)4
trG(p)γ0G(p − k)γ0, (21a)
Π0j3 = e
2
∫
d4p
(2π)4
trG(p)γ0G(p − k)(∆j(−k, p− k)− bmΛ
mj(−k, p− k)γ5), (21b)
Πi04 = e
2
∫
d4p
(2π)4
trG(p)(∆i(k, p)− bmΛ
mi(k, p)γ5)G(p − k)γ
0, (21c)
Πij5 = e
2
∫
d4p
(2π)4
trG(p)(∆i(k, p)− bmΛ
mi(k, p)γ5)G(p − k)
×(∆j(−k, p − k)− bnΛ
nj(−k, p− k)γ5). (21d)
Let us now single out the terms responsible for the generation of the CFJ term. For this, we
must first consider the expansion
G(p) = S(p) + S(p)(/b0γ5 + biΛ
i(p)γ5)S(p) + · · · , (22)
with S(p) = (/p0 + /pip
2
j −m
3)−1, so that, initially, for (19), we have
Πij1 = −e
2
∫
d4p
(2π)4
trS(p)/b0γ5S(p)∇ij(k, p) + · · · , (23)
where the dots mean higher orders in b0,i terms. From now on, we will omit these terms, as well as
the higher derivative terms. To calculate the trace, we use first the simplest prescription for Dirac
matrices, implying {γ0, γ5} = 0 and {γ
i, γ5} = 0, so that we obtain
Πij1 = 4ie
2
∫ ∞
−∞
dp0
2π
µ3−d
∫
ddp
(2π)d
p20 − ~p
6 +m6
(p20 + ~p
6 +m6)2
ǫ0ikjb0kk, (24)
where we have Wick rotated to Euclidean space (p0 → ip0) and considered d
3p/(2π)3 →
µ3−dddp/(2π)d, with µ being an arbitrary scale parameter. Thus, after we calculate the integrals,
we obtain
Πij1 = −2e
2µ3−d
∫
ddp
(2π)d
m6
(~p6 +m6)3/2
ǫ0ikjb0kk,
= −
e222−dπ−
d
2
− 1
2md−3µ3−dΓ
(
3
2 −
d
6
)
Γ
(
d
6
)
3Γ
(
d
2
) ǫ0ikjb0kk. (25)
Let us now consider the expressions (21). The equation (21a) does not contribute to CFJ term,
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and, after the calculation of the trace, (21b), (21c), and (21d) yield the results
Π0j3 = 4ie
2
∫ ∞
−∞
dp0
2π
µ3−d
∫
ddp
(2π)d
1
(p20 + ~p
6 +m6)3
ǫi0kjbikk
×
1
d
[(λ1 + λ3)
(
dm12 − (d+ 18)m6~p6 + (d+ 6)p20~p
6 − dp40 + 2(d− 3)~p
12
)
−λ2
(
dm12 − (d+ 12)m6~p6 + (d− 12)p20~p
6 − dp40 + 2d~p
12
)
], (26)
Πi04 = 4ie
2
∫ ∞
−∞
dp0
2π
µ3−d
∫
ddp
(2π)d
1
(p20 + ~p
6 +m6)3
ǫjik0bjkk
×
1
d
[(λ1 + λ3)
(
dm12 + 3(2− 3d)m6~p6 + (d+ 6)p20~p
6 − dp40 + 2(d − 3)~p
12
)
−λ2
(
dm12 + 3(4− 3d)m6~p6 + (d− 12)p20~p
6 − dp40 + 2d~p
12
)
], (27)
and
Πij5 = 4ie
2
∫ ∞
−∞
dp0
2π
µ3−d
∫
ddp
(2π)d
~p6
(p20 + ~p
6 +m6)3
×{ǫki0jbkk0
1
d
[(λ1 + λ3)(−(3d + 16)m
6 + dp20 + (d− 4)~p
6) (28)
−λ2(−(3d+ 14)m
6 + (d− 6)p20 + (d− 2)~p
6)] + ǫ0ikjb0kk
3
d
(d+ 4)
(
−3m6 − 3p20 + ~p
6
)
},
respectively. Now, when the integrals are calculated, we obtain
Π0j3 = −e
2µ3−d
∫
ddp
(2π)d
~p6
(~p6 +m6)5/2
ǫi0kjbikk (λ1 − λ2 + λ3)
1
d
(
(d− 3)~p6 − 2(d+ 6)m6
)
,
=
e222−dπ−
d
2
− 1
2 (λ1 − λ2 + λ3)m
d−3µ3−dΓ
(
3
2 −
d
6
)
Γ
(
d
6 + 2
)
Γ
(
d
2 + 1
) ǫi0kjbikk, (29)
Πi04 = −e
2µ3−d
∫
ddp
(2π)d
~p6
(~p6 +m6)5/2
ǫjik0bjkk (λ1 − λ2 + λ3)
1
d
(
(d− 3)~p6 + (6− 8d)m6
)
,
=
e222−dπ−
d
2
− 1
2 (λ1 − λ2 + λ3)m
d−3µ3−dΓ
(
3
2 −
d
6
)
Γ
(
d
6 + 1
)
Γ
(
d
2
) ǫjik0bjkk, (30)
and
Πij5 = −e
2µ3−d
∫
ddp
(2π)d
~p6
(~p6 +m6)5/2
[ǫki0jbkk0 (λ1 − λ2 + λ3)
1
d
(
(d− 3)~p6 − 2(d+ 6)m6
)
−ǫ0ikjb0kk
9
d
(d+ 4)m6],
=
e222−dπ−
d
2
− 1
2 (λ1 − λ2 + λ3)m
d−3µ3−dΓ
(
3
2 −
d
6
)
Γ
(
d
6 + 2
)
Γ
(
d
2 + 1
) ǫki0jbkk0
+
e221−d(d+ 4)π−
d
2
− 1
2md−3µ3−dΓ
(
3
2 −
d
6
)
Γ
(
d
6
)
3Γ
(
d
2
) ǫ0ikjb0kk. (31)
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Therefore, with these results, by considering S
(1)
eff
∣∣
A2
+ S
(2)
eff
∣∣
A2
→ SCFJ, we get the CFJ La-
grangian
LCFJ = −
22−dπ−
d
2
− 1
2md−3µ3−dΓ
(
3
2 −
d
6
)
Γ
(
d
6 + 1
)
Γ
(
d
2
) {(λ1 − λ2 + λ3) (32)
×[(
2
d
+
1
3
)(biǫ
i0jkA0∂jAk + biǫ
ij0kAj∂0Ak) + biǫ
ijk0AjkkA0] + b0ǫ
0ijkAjkjAk}.
In order to ensure the gauge invariance, e.g., λ1 = λ2 = λ3 = 1 and d = 3, so that we obtain
LCFJ = −
e2
4π2
bκǫ
κλµνAλ∂µAν . (33)
We find that within this approach, the CFJ term is finite and reproduces one of the values obtained
in the usual Lorentz-breaking QED [8].
Now, let us use another prescription, that is, the ’t Hooft and Veltman prescription for the
calculations of the trace [11] (for discussion of various regularization prescriptions within studies
of the CFJ term, see f.e. [12]). Namely, we split the d-dimensional Dirac matrices γi and the
d-dimensional metric tensor gij (with {γi, γj} = 2gij and gijg
ij = d) into 3-dimensional parts and
(d − 3)-dimensional parts, i.e., γi = γ¯i + γˆi and gij = g¯ij + gˆij , so that now the Dirac matrices
satisfy the relations
{γ¯i, γ¯j} = 2gij , {γˆi, γˆj} = 2gij , and {γ¯i, γˆj} = 0, (34)
and, consequently, the metric tensors have the contractions
g¯ij g¯
ij = 3, gˆij gˆ
ij = d− 3, and g¯ij gˆ
ij = 0. (35)
However, the main change is into the relations
{γ¯i, γ5} = 0 and [γˆ
i, γ5] = 0, (36)
where we have introduced the commutation relation of γˆi with γ5. Note that the γ
0 matrix has
the usual anticommutation relations, i.e.,
{γ0, γ0} = 2, {γ0, γi} = 0, and {γ0, γ5} = 0. (37)
Thus, by taking into account these relations (34), (36), and (37), and contractions (35), after the
calculation of the trace, the contribution (23) becomes
Πij1 = 4ie
2
∫ ∞
−∞
dp0
2π
µ3−d
∫
ddp
(2π)d
p20 + (1−
6
d)~p
6 +m6
(p20 + ~p
6 +m6)2
ǫ0ikjb0kk. (38)
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Let us now calculate the integral which yield the result:
Πij1 = −2e
2µ3−d
∫
ddp
(2π)d
m6 + (1− 3d )~p
2
(~p6 +m6)3/2
ǫ0ikjb0kk = 0. (39)
The next step is to calculate the trace of the expressions (21). The results are
Π0j3 = Π3ǫ
i0kjbikk, (40)
Πi04 = Π3ǫ
jik0bjkk, (41)
with
Π3 = 4ie
2
∫ ∞
−∞
dp0
2π
µ3−d
∫
ddp
(2π)d
1
(p20 + ~p
6 +m6)3
×
1
d
[(λ1 + λ3)
(
dm12 − 3(d+ 4)m6~p6 + (7d − 12)p20~p
6 − dp40 − 4(d− 3)~p
12
)
−λ2
(
dm12 − 3(d+ 2)m6~p6 + (7d− 30)p20~p
6 − dp40 + 2(9 − 2d)~p
12
)
], (42)
and
Πij5 = 4ie
2
∫ ∞
−∞
dp0
2π
µ3−d
∫
ddp
(2π)d
~p6
(p20 + ~p
6 +m6)3
×{ǫki0jbkk0
1
d
[(λ1 + λ3)(−(3d + 16)m
6 + dp20 − (3d − 8)~p
6)
−λ2(−(3d+ 14)m
6 + (d− 6)p20 − (3d− 10)~p
6)]
−ǫ0ikjb0kk
7
d
(
(d+ 6)m6 + (d+ 6)p20 + (d− 6)~p
6
)
}. (43)
Note that expression (21a) does not contribute to CFJ term as well.
Now, by calculating the integrals, we can write
Πij5 = Π3(ǫ
ki0jbkk0 +
7
2
(λ1 − λ2 + λ3)
−1 ǫ0ikjb0kk), (44)
i.e., all the contributions (21), after the p0 integral, are written in terms of Π3, which has the form
Π3 = 2e
2µ3−d
∫
ddp
(2π)d
~p6
(~p6 +m6)5/2
(λ1 − λ2 + λ3)
1
d
(
(d− 3)~p6 + (d+ 6)m6
)
= 0. (45)
Therefore, by using the ’t Hooft and Veltman prescription, one finds that Πij1 = Π
00
2 = Π
0j
3 =
Πi04 = Π
ij
5 = 0 for the contributions to the CFJ term, so that
LCFJ = 0, (46)
i.e., we do not have the generation of the CFJ term within this prescription.
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Let us discuss our results. We studied the z = 3 HL QED coupled to the constant axial vector
bµ and considered the contributions to the CFJ term. Just as in the usual Lorentz-breaking QED,
this term was found to be superficially divergent but actually finite, with the result for it strongly
depends on the calculation scheme, i.e., for the first time within studies of HL theories, we found
a possibility to have a finite but ambiguous result. This result is rather natural since, as it was
claimed in [13], the chiral anomaly is related with the ambiguity of the triangle graph, and since
the existence of chiral anomalies in z = 3 QED have been explicitly proved in [14], the presence
of ambiguity in the triangle graph in our theory seems to be rather natural, in a whole analogy
with the usual Lorentz-breaking QED, cf. [13]. Therefore, we note that our result confirms the
conclusions obtained in [14]. Besides this, the possibility of the vanishing of the CFJ term in a
certain calculation scheme can be treated as a reminiscence of the idea claimed in [15] that actually
the most appropriate result for this term is zero.
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